Abstract. The twin prime conjecture " There are infinitely many twin primes" is a very old unsolved mathematical problem (see [1], [2] , [3], ). This paper develops a sieve to extract all twin primes on the level of their generators up to any limit. The sieve uses only elementary methodes. With this sieve the twin prime conjecture finally can be proved indirectly.
Proof. With p = 6u ± 1 we have (6u ± 1) 2 = 36u 2 ± 12u + 1 = 6u(6u ± 2) + 1 = 6k + 1, with k = u(6u ± 2)
⇒ k = 2u(3u ± 1).
If u is even then 2u is divisible by 4. If u is odd then 3u ± 1 is even and k is divisible by 4 too. an in P * defined function, the generator of the pair (6κ(p) − 1, 6κ(p) + 1).
A number x is a member of E if 6x − 1 as well as 6x + 1 are primes. This is true if the following statement holds.
Theorem 1.
A number x is a member of E if and only if there is no p ∈ P * with p < 6x − 1 where one of the following congruences holds:
x ≡ −κ(p)(mod p) (1.2)
x ≡ +κ(p)(mod p) (1.3)
Proof.
A. p ∈ P − , therefore is p = 6κ(p) − 1: If (1.2) is true then there is a n ∈ N: ⇒ 6x − 1 ≡ 0(mod(6κ(p) − 1)) ⇒ x / ∈ E B. p ∈ P + , therefore is p = 6κ(p) + 1: We go the same way with (1.2) and 6x − 1 as well as (1.3) and 6x + 1:
With these it's shown that x / ∈ E if the congruences (1.2) or (1.3) hold. They cannot be true both because they exclude each other. If on the other hand x / ∈ E, then is 6x − 1 or 6x + 1 no prime. Let be 6x − 1 ≡ 0(mod p) and p ∈ P − . Then we have
For p ∈ P + we have
The other both cases we can handle in the same way. Therefore either (1.2) or (
If we consider that the smallest proper divisor of a number 6x − 1 or 6x + 1 is less or equal to √ 6x + 1 than p in the congruences (1.2) and (1.3) can be further limited bŷ
Because we consider only primes as modules we have independent congruences. Now we have
This is a proofable system of criteria to check a number x ≥ 4 as a member of E or not.
The Twin Sieve
The congruences in (1.4) can be combined in the following way:
because if x ≡ ±κ(p)(mod p) then there is a number t with x = ±κ(p) + tp. Squared this produces x 2 = κ(p) 2 + p(t 2 p ± 2tκ(p)) and we get x 2 ≡ κ(p) 2 (mod p). This is a system of sieves with a sieve function ψ(x, p) for which is
Obviously ψ(x, p) is a periodical function in x with a period length of p. It is ψ(x, p) = 0 if and only if (1.4) is true for p. We'll call the sieve produced by ψ(x, p) as S p . For the system of the sieves S 5 , . . . , S p we'll build the aggregate sieve functions
Because the value set of ψ(x, p) consists of positive integers between 0 and p−1, Ψ(x, p) andΨ(x) have rational values between 0 and < 1.
A number x will be "sieved" by S p if and only if ψ(x, p) = 0. With this the statement of theorem 1 can be newly expressed:
Theorem 1a . x is a member of E if and only if
In contrast to the sieve of ERATOSTHENES in our sieve the exclusion of a number x will be not controlled by x Mod p = 0, but by x 2 − κ(p) 2 Mod p = 0. Let be
For x ≥ x p "works" the sieve S p , i.e. x p is the beginning point (in future we will call it: BP) of the sieve S p . Every sieve has up from x p in every ψ-period just p − 2 positions with ψ(x, p) = 0 and two positions with ψ(x, p) = 0, once if (1.2) and on the other hand if (1.3) is valid. We speak about a-and b-bars of the sieve S p . From (1.2) and (1.3) it is easy to see that the distance between an a-and a b-bar is 2κ(p).
It is p ≤p(x) ≤ √ 6x + 1 and therefore p 2 ≤ 6x + 1. Then
is the smallest number which meets this relation. Because of lemma 1.1 this is a positive integer divisible by 4.
Theorem 2. Every sieve S p | p ∈ P * starts at position x p with a sieve bar and we have ψ(x p , p) = 0.
Proof.
It's evident that S p starts for p ∈ P − with an a-bar and in the other case it starts with a b-bar, 2κ(p) behind the a-bar.
Because every sieve has two bars per period only, the density of bars of the sieve S p is
For every x ≥ x p the local position in the sieve S p relative to the phase start 1) can be determined by the position function τ (x, p):
Between the sieve function ψ(x, p) and the position function τ (x, p) there is the following relationship:
3. The Permeability of the Sieves S 5 , . . . , S p
Let's p = min(t > p | t, p ∈ P * ) denotes the first prime following on p. Thenp(x) persists constant on value p in the interval
The length of this interval will be denoted as d p . It is depending on the distance between successive primes. Since they only can be even, we have with a = 2, 4, 6, . . .
If a = 2 then is (p, p + 2) a twin prime. Thus is p ∈ P − and therefore
1) For p ∈ P− the phase start is xp and else it is xp − 2κ(p).
On the other hand it results because of p < 2p (see [3] , p. 188)
p 2 is odd. The last even number is p 2 − 1. Thus for the upper bound we get
and therefore
Because both x p and x p are divisible by 4, d p is divisible by 4 too.
The congruences from (2.7)
meet the requirements of the Chinese Remainder Theorem [3, p. 27]. Therefore it is modulo 5 · 7 · . . . · p uniquely resolvable. With
it's (mod p 5 ) 2) uniquely resolvable. Therefore the aggregate sieve function has the period length p 5 :
Let be
The set K p contains all numbers which are not excluded by the sieves S 5 , . . . , S p . Since from x p already the sieve S p is working, the members of K p from this point on are not necessary generators of twin primes. On the other hand there is no twin prime generator (> x p ) which is not a member of K p .
2) It is p 5 = p 6 , with the primorial p .
Let beÂ
the interval of the period of the sieves S 5 , . . . , S
The values of the function τ (x, p) are the numbers 0, 1, . . . , p − 1. Two of them produce the exlcuding of x and p − 2 don't. Therefore by working of the sieves S 5 , . . . , S p we have
ω p -numbers inÂ p . If these are in A p , they are members of E, consequently generators of twin primes because the sieves S 5 , . . . , S p here are working only. The relation between (3.7) and the period length of (3.4) results in
as a measure of the mean "permeability" of working of the sieves S 5 , . . . , S p or as the density of the ω p -numbers inÂ p . Obviously η(p) is a strongly monotonous decreasing function. Its inversionδ
discribes the mean distance between the ω p -numbers up from x p .
Theorem 3.
Proof. Let be Q p = {q ∈ P * | q ≤ p} and U p = {u ≡ 1(mod 2) | 5 ≤ u ≤ p}. Because all primes > 2 are odd numbers it is Q p ⊂ U p for p > 7 3) . All factors of η(p) are less than 1. It results
3) For p ≤ 7 is Qp = Up.
By inversion of this relationship, we get
In consideration of (3.2) we get furthermore 4)
Symmetry of the Positions of the ω p -Numbers
In the intervalÂ p the element x (0) p := p 5 has a particular importance. Because p 5 is divisible by all primes between 5 and p it holds
and hence
p is an ω p -number and thus a member of K p . Because of x p < p 5 < x p + p 5 the number p 5 is in the inner ofÂ p but near to the end. Furthermore for all primes q between 5 and p 5) is 
4) We can even prove thatδ(p)
2 < p andδ(p) 2 < dp for p > 200. 5) Unless otherwise specified the use of the variable q means q ∈ P * | q ≤ p below.
Proof. Corresponding with (2.8) we have
We put p 5 − a for x and have
For p 5 + a it results
Hence there is a section of symmetry with a length of 2x p at the end ofÂ p around on x (0) p = p 5 . But in the rest of the interval there is symmetry too.
Theorem 5. In every sieve S q there is ψ-symmetry for all primes between 5 6) and p around the middle between the positions p 5 − 1 2 and p 5 + 1 2 :
Proof. Because of the periodicity of the sieve function we have ψ(x p + a) = ψ(x p + p 5 + a) and because of theorem 4
Therefore there is symmetry around
We put x = p 5 + 1 2 + a and get Corollary 4.1. Since all sieves S q have the same symmetry qualities, the cooperation of the sieves S 5 , . . . , S p indicates these qualities too
Therefore the ω p -numbers are symmetrically distributed around the axes x (0)
Let's denote the symmetry half sections as
Theorem 6. At the positions p 5 − 1 2 and p 5 + 1 2 are ω p -numbers:
Proof. For the position function according to (2.7) with n ∈ N we have nτ (x + c, q) = (nτ (x, q) + c) Mod q = (nx + nκ(q) + nc) Mod q.
6) For the case p = 5 we use p 5 + p 5 − 1 2 , hence p 5 − 1 2 = 2 < x5 = 4. B. for q ∈ P + :
Therefore in both cases is τ p 5 + 1 2 + c q , q = 0 and so
The right side never can have values 0 or 2κ(q). Therefore it applies
Because of the symmetry around x
(1) p also is
In the proof we see that
and therefore is
Reversed it holds that every sieve S p starts always in the inner of the previous period sectionÂ p . And it is easy to verify that for p ≥ 11 is
Therefore the BP x p lies always in the inner of the symmetry half section S
(1)
p . And because of (3.3) the BP Only the beating bars let grow the gaps by exclusion of the ω p -number between two ω p -gaps to one ω p -gap. By the working of the sieve S p we get the following sieve balance "on average". The distances between the ω p -numbers remain unchanged atδ(p) on average except of those 2ω(p) positions (ω p -numbers) which are met by the beating bars of the sieve S p . Thereby a distance D occurs between the adjacent ω p -numbers on average: 
